We study whether or not the Hawking-Page phase transition occurs in the topological AdS-black holes (TAdS), topological de Sitter spaces (TdS), and Schwarzschild-de Sitter black hole (SdS). It turns out that at the critical temperature T = T 1 , the TAdS with a spherical horizon and TdS with a hyperbolic cosmological horizon can make a phase transition from thermal AdS (dS) space to the black hole. It is shown that there is no Hawking-Page transition for the TAdS and TdS with Ricci-flat horizons when the zero mass black hole and de Sitter are taken as the thermal background. Finally, we find that the SdS takes a kind of the Hawking-Page phase transition at T = 0.
Introduction
There are several works which show that for a large class of black holes (de Sitter spaces), the Bekenstein-Hawking entropy receives logarithmic corrections due to thermodynamic fluctuations [1] . A corrected formula takes the form
where C is the specific heat of the given system at constant volume and S denotes the uncorrected Bekenstein-Hawking entropy. Here an important point is that for Eq. (1) to make sense, C should be positive. If C > 0(C < 0), the system is thermodynamically stable (unstable). A black hole with C < 0 is in unstable equilibrium with heat reservoir of the temperature T [2] . Its fate under small fluctuations will be either to decay to a hot flat space or to grow without limit by absorbing radiation in heat reservoir [3] .
There exists a way to achieve a stable black hole in equilibrium with heat reservoir. A black hole could be rendered thermodynamically stable by placing it in AdS space [4, 5, 6] . A key point to understand is how a black hole with C > 0 emerges from thermal radiation through the phase transition. The Hawking-Page phase transition usually occurs between thermal AdS space and the Schwarzschild-AdS black hole.
In this work, we study whether or not the Hawking-Page phase transition occurs in the topological AdS-black holes and topological de Sitter spaces. For completeness, we investigate the phase transition of the Schwarzschild-de Sitter black hole. Our study is based on the observation of the heat capacity, free energy, and generalized (off-shell) free energy.
Topological AdS-black holes
A black hole in asymptotically flat spacetime should has a spherical horizon. Introducing a negative (positive) cosmological constant, a black hole (de Sitter space) can has a non-spherical horizon. We call this the topological black hole (de Sitter space) [7] . The topological AdS black holes (TAdS) in five dimensional spacetime are given by
where k describes the horizon geometry with a constant curvature. h(r) and f k (χ) are given by (ℓ = 5, r + ≥ r 0 ), which indicates the forbidden region of 0 ≤ r + < r 0 . Two horizontal lines denote the temperatures T = T 0 , T 1 for heat reservoir. The small dashed lines represents C HAdS (ℓ = 5, r + ≥ r 0 ), which shows the forbidden region of 0 ≤ r + < r 0 .
Here we define k=1, 0, and −1 cases as the Schwarzschild-AdS black hole (SAdS) [8] , flat-AdS black hole (FAdS), and hyperbolic-AdS black hole (HAdS) [9] , respectively. In the case of k = 1, m = 0, we have an AdS 5 -space with its curvature radius ℓ. However, m = 0 generates the topological AdS black holes. The event horizon is given by
2 E − kℓ 2 S, where V 3 is the volume of a unit three-dimensional hypersurface and G 5 is the five dimensional Newton constant. The behaviors of temperature are shown in Fig. 1 [11] . From the equilibrium condition of T = T H , we find the two solutions: small, unstable black hole with size
and large, stable black hole with the size
Here we find that r u = 0, r s = πℓ 2 T for k = 0; r u ≃ 1/2πT, r s ≃ πℓ 2 T for k = 1 and T ≫ 1/ℓ; r s ≃ πℓ 2 T for k = −1 and T ≫ 1/ℓ. For k = 1, we have an extrema at r u = r s = r 0 = ℓ/ √ 2 and the corresponding temperature is given by T 0 = √ 2/πℓ. Further, from F = 0, we obtain a critical point r 1 = ℓ for k = 1. The corresponding temperature is given by T 1 = 3/2πℓ. At this temperature, we have r u = ℓ/2 and r s = ℓ. As is shown in Fig. 2 , we have three different specific heats. At r + = r 0 , C SAdS has a simple pole, C F AdS is a continuous increasing function. C HAdS has a forbidden region where the thermodynamic analysis is impossible. We find from Fig. 3 that F F AdS and F HAdS are monotonically decreasing functions but the latter has a forbidden region. In contrast with these, F SAdS has the maximum at r + = r 0 and is zero at r + = r 1 .
Topological de Sitter spaces
The topological de Sitter space (TdS) solution was originally introduced to check the mass bound conjecture in de Sitter space: any asymptotically de Sitter space with the mass greater than an exact de Sitter space has a cosmological singularity [12] . For our purpose, we consider the topological de Sitter solution in five dimensional spacetime
where k = 0, ± 1 and h(r) is given by
Requiring m > 0, the black hole disappears and instead a naked singularity appears at r = 0. Here we define k = 1, 0, − 1 cases as the Schwarzschild-topological de Sitter space (STdS), flat-topological de Sitter space (FTdS), and hyperbolic-topological de Sitter space (HTdS), respectively. In the case of k = 1, m = 0, we have an exact de Sitter space with its curvature radius ℓ. However, m > 0 generates the topological de Sitter spaces. The cosmological horizon exists as
The thermodynamic quantities for the cosmological horizon are calculated as [13] where V 3 is the volume of a unit three-dimensional hypersurface. Considering the equilibrium condition of T = T H , we find the two solutions: small, unstable cosmological horizon with the size
and large, stable cosmological horizon with the size
From the above, we find that r u = 0, r s = πℓ 2 T for k = 0; r u ≃ 1/2πT, r s ≃ πℓ 2 T for k = −1 and T ≫ 1/ℓ; r s ≃ πℓ 2 T for k = 1 and T ≫ 1/ℓ. For k = −1, we have an extrema at r u = r s = r 0 = ℓ/ √ 2 and T 0 = √ 2/πℓ. Further, from F = 0, we obtain a critical point r 1 = ℓ. The corresponding temperature is also given by T 1 = 3/2πℓ. We note that all results of the TdS solution can be recovered from the TAdS solution by replacing k and r E by −k and r C . In Fig. 1, 2 and 3 , we find the TdS behavior by noting the relations: SAdS ↔ HTdS; HAdS ↔ STdS; FAdS ↔ FTdS. Here r + represents r E for the event horizon and r C for the cosmological horizon. 
Schwarzschild-de Sitter black hole
In order to find thermal property of a black hole in de Sitter space, we consider the Schwarzschild-de Sitter black hole (SdS) in five dimensional spacetime [13] 
where h(r) is given by
In the case of m = 0, we have an exact de Sitter space with the curvature radius ℓ. However, m = 0 generates the SdS black hole. The cosmological/event horizons are located at
We classify three cases:
which means that as m increases from zero to the maximum of m = ℓ 2 /4, a small black hole increases up to the Nariai black hole at r E = r 0 , whereas the cosmological horizon decreases from the maximum of r C = ℓ to the minimum of r C = r 0 . The thermodynamic quantities for two horizons are given by [14, 15] 
where V 3 is the volume of a unit three-dimensional sphere. As is shown in Fig. 4 , the temperature behaves differently in compared with the TAdS case. At T = T 0 , one has the unstable black hole with the size r u = 1.46 but no the stable cosmological horizon. Making use of Eq. (17), one always finds a negative specific heat for the event horizon of the SdS black hole (ESdS) and a positive specific heat for the cosmological horizon (CSdS). To confirm this, see Fig. 5 . The solid line represents a negative specific heat C ESdS (ℓ = 5, 0 ≤ r + ≤ r 0 ) for the event horizon, which show a thermal instability. At r + = r 0 , we have the Nariai black hole with T H = 0, which is the maximum black hole in de Sitter space. The dashed line denotes the positive specific heat C CSdS (ℓ = 5, r 0 ≤ r + ≤ r 1 ) for the cosmological horizon, which indicates a thermal stability. At r + = r 1 , we find an exact de Sitter space, where no black hole is found inside the cosmological horizon.
Using the equilibrium condition of T = T H , we obtain a small, unstable black hole with the size
and a large, stable cosmological horizon with the size
From the above, we confirm that as T → 0, r u → r s = r 0 . The endpoint corresponds to the Nariai black hole. It is noted that from Fig. 6 , we cannot obtain any critical point r 1 = 0 where F = 0. Instead we have a discontinuity ∆F | r + =r 0 = 3(5/4) 2 π which shows a phase transition between the event horizon and cosmological horizon. As is shown in Fig. 4 , one finds that T H → 0, as r + approaches r 0 . This temperature may be the critical temperature for the ESdS-CSdS transition.
Hawking-Page phase transition
First we discuss the SAdS case. In order to study the Hawking-Page phase transition explicitly, we introduce the generalized free energy
which applies to any value of r + with the fixed T . As is shown in Fig. 7 , for T = T 0 , an extremum appears at r + = r 0 (= r u = r s ). We confirm that for T > T 0 , there are two saddle points: small, unstable black hole with radius r u and large, stable black hole with radius r s . F is composed of a set of two saddle points for F of f . That is, F can be obtained from F of f through the operation:
Hence the free energy F is regarded as the on-shell (equilibrium) free energy, whereas the generalized free energy F of f corresponds to the off-shell (off-equilibrium) free energy.
At this stage, we briefly describe the Hawking-Page phase transition [4] . For T 0 < T < T 1 , we have an inequality (refer the second dashed graph in Fig. 7 )
which means that the saddle point at r + = 0 (thermal AdS) dominates. For T > T 1 , the large, stable black hole dominates because of F of f (r + = r s ) < 0. There is a change of dominance at the critical temperature T = T 1 . In this case, the small, unstable black hole plays a crucial role of the mediator for the transition between thermal AdS and large, stable black hole. In case of T < T 1 , the system is described by a thermal gas, whereas for T > T 1 , it is described by a large, stable black hole. This is the Hawking-Page transition for a black hole nucleation in AdS space. For the FAdS case, the small, unstable black hole is not available but the stable black hole always exists for any T > 0. Hence the transition from M = 0(r + = 0) to M = 0(r + = 0) is possible by an off-shell processes. This process is described by the off-shell free energy F of f . As is shown Fig. 8 , at T = 0 the thermal AdS (r + = 0) is more probable than r + = 0. The saddle points correspond to the endpoints of the transition for T = T 0 , T 1 . However, this does not belong to the Hawking-Page transition because there is no a mediator of the unstable black hole [16] . Actually r u = 0 plays a role of the saddle point for the thermal AdS space. Concerning the HAdS case, any phase transition is hard to occur. This is basically because the forbidden region of 0 ≤ r + < r 0 is present. Thus we cannot define the temperature and r u in this region. It seems that the thermodynamical analysis is impossible for the HADS and STdS.
We assume a phase transition between the ESdS and CSdS at T = T 0 . As is shown in Fig. 9 , at T = T 0 , we obtain the location r u = 1.46 of the unstable black hole from F ESdS = F of f . However, the stable black hole as the saddle point is absent. In this case, the presumed position is located at r s = 8.5 which is beyond r + = r 1 . We note that the working region is confined to be 0 ≤ r + ≤ r 1 as the de Sitter space. Therefore, this transition is not possible to occur. Also there exist a discontinuity at r + = r 0 , which may be an obstacle to interpret this process as a phase transition. However, we propose another transition temperature of T = 0. As was emphasized previously, the Nariai black hole has the zero temperature (T H = 0). This is the maximum black hole and the minimum cosmological horizon. In Fig. 9 , we have F ESdS = F of f at r u = r 0 and F CSdS = F of f at r s = r 0 . This means that the location of r + = r 0 is not only for transition point but also the stable cosmological horizon. This arises because of the peculiar property of a mass in de Sitter space. As m increases from zero to the maximum of m = ℓ 2 /4, r E increases up 
to the Nariai black hole, whereas the cosmological horizon decreases from the maximum of r C = r 1 to the minimum of r C = r 0 . We check that at T = 0, r C = r 0 is more probable than r C = r 1 after the transition of ESdS-CSdS. One finds that from the first dashed graph of 
Discussion
We summerize our results in Table 1 . We find that for SADS and HTdS, the specific heat has a pole at r + = r 0 , while the free energy is maximum at r + = r 0 and is zero r + = r 1 .
Here we have two saddle points: small, unstable black hole and large, stable black hole. At T = T 1 , we find the first-order Hawking-Page phase transtions. On the other hand, for FADS and FTdS with the Ricci-flat horizon, their specific heats are monotonically increasing functions, while the free energies are monotonically decreasing functions. Here we have no the Hawking-Page transition. But for T > 0, we can make a transition from the zero mass background to the black hole (de Sitter space) by an off-shell process. Even for the AdS soliton background [17] , the situation is similar to here because the small, unstable black holes are lost.
In the worst cases of HADS and STdS, we find a forbidden region.
Hence we are unable to analyze these thermodynamically by making use of the specific heat and free energy.
Finally, for the case of SdS, we find an interesting phase transition. At T = 0, we have the Nariai black hole which corresponds to the maximum black hole as well as the minimum cosmological horizon. At this temperature, the position of r + = r 0 provides the transition point and the stable cosmological horizon.
